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VL. On Ellipsoidal Harmonics.
By W. D. Nivex, F.R.S.

A A

< Received October 23,—Read December 11, 1890.

—

=

E — 1. Tue theory of Ellipsoidal Harmonics is usually based upon solutions of LAPLACE’S
= Equation suitably expressed in terms of ellipsoidal coordinates as independent
= 0O variables. This manner of treating the subject, introduced by Lamg, has received
E 8 its most complete exposition at the hands of HriN in his ¢ Kugelfunctionen’ and is

probably the most direct and effective for all practical purposes. The Cartesian forms
of the harmonics seem, however, to possess many advantages in point of clearness
and suggestiveness. I have therefore been led by a perusal of GREEN'S Memoir on
Ellipsoids of varying densities and by Tromson and TArr’s investigation of Spherical
Harmonies to attempt the development of the subject by Cartesian processes.

In dealing with the general case of the ellipsoid of three unequal axes it is con-
venient to consider, in the first place (§§ 2-15), the propositions and theorems which
relate to the forms applicable to the inside, and afterwards (§§ 16-21) those applicable
to the outside of the ellipsoid. The main feature of my investigation of internal
harmonics is the establishment of relations between the harmonics of the ellipsoid
and certain harmonics of the sphere which have a close correspondence with them,
By means of these relations it is possible, in the first place, to obtain readily the
Cartesian forms of ellipsoidal harmonics (§ 15), and, in the next place, to determine
an expansion, in ellipsoidal harmonies, having arbitrarily assigned values at the surface
of the ellipsoid (§§ 8-10). As a particular case, I have taken the arbitrarily assigned
value to be a homogeneous function of the coordinates , v, z (§ 11), and it is an easy
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—_ > transition from this case to that of any function capable of expansion by TAYLOR'S
;5 S theorem in ascending powers of x, v,z (§§ 12, 13). I have also expanded the reciprocal
O H of the distance between two points, one of which is on the surface (§ 14).

e The leading proposition in External Harmonies, upon which much of the work of
E 8 this paper is based, relates to the expression of those harmonics in terms of differential
— operations upon the potential at an external point due to an ellipsoid of variable

density. The proposition referred to, while possessing some peculiarities and difficulties
of its own, is obtained in a manner analogous to that employed by CLERk MAXWELL
in finding from the Theory of Attractions a physical interpretation of a Spherical
Harmonic (§§ 17-20).
As illustrations of the use of the harmonics pertaining to an ellipsoid of three
28.5.91
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232 MR. W. D. NIVEN ON ELLIPSOIDAL HARMONICS.

unequal axes I have considered briefly the problem of the magnetism induced in a
body of ellipsoidal form (§§ 22-25). In §§25-27 the potential has been found at an
external point, due to a thin shell bounded by similar and similarly situated ellipsoids,
the density of which varies inversely as the cube of the distance from a fixed point,
while § 28 contains a proposition in electrical capacity.

In §§ 80-52 I have investigated at some length various inside and outside forms of
harmonics applicable to prolate and oblate spheroids, deducing them from the more
general expressions of the earlier parts of the paper. The corresponding spherical
harmonics, to which reference has already been made, reduce in the case of spheroids
to the ordinary canonical conjugate system (§§30-32). TFrom this system the next
step is to investigate the forms of the internal harmonics of prolate spheroids
(§§ 84-36), and the expressions for the external harmonics are then discussed in §§ 37-42.
The corresponding forms for oblate spheroids are stated in §§43-49. In §50 I have
shown how the harmonics of the prolate spheroid reduce to those of the circular
cylinder, and in § 51 to those of the paraboloid of revolution. The remainder of the
paper is occupied with proofs of additional theorems for ellipsoidal harmonics, spherical
harmonics of the second kind, and Brsser’s functions,

Notation and Preliminary Investigations.

2. The notation employed by Dr. Ferrers in Chapter VI. of his ¢ Treatise on
Spherical Harmonics,” besides being well known, seems so suitable that it will be
convenient to adept it as far as possible in the following investigations.

The semi-axes of the ellipsoid of reference being a, b, ¢, the ellipsoidal coordinates
of any point xyz will be denoted by evv/, so that

o (®+ ¢ (@ + v) (¢ + V')
(a® — V%) (a* — ¢*)

5

with similar expressions for 4* and 22
The following quantities and operators will be of so fr equent occurrence that special
abbreviations are necessary.

2

b7 9? A .
ey + 5 ) + 57 6, will be denoted by K,, or K,.

K,o—1 . . . . .. " » B
1? aa; + b a—?; 4+ ¢? aéz—g . ’ , D2
a? j— 0, 8%25 + Z)Tj-—_é gﬁ + ¢ —1I- 6’ gj n Bo?or B2
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3. All the types of interior harmonics subject to certain restrictions as to the values
of 0, which will be presently investigated, are included under the following general
scheme :—

T, Yz,
L vy, zx, axyz>00,...0, . . . . . . (1),
z, xy,

where any of the quantities inside the bracket may be taken as a multiplier of the
product outside. The first column gives a harmonic of degree 2n, the second 2n + 1,
the third 2n 4 2, the fourth 2n 4 3. Beginning with simple cases we see that ® will
satisfy LAPLACE'S equation provided

1
602+9+b2+9+ +€

= 0.

Again, the function ©,08,, when entered in LAPLACE’S equation, produces

1 1 1
<a2+0]+b2+91+09+0> 2+<cﬂ+0 +b2+(9 +02+6>®1

22 y2 22
T4 {(662+91)(c¢2+92)+ CroyF o) T @)@ T e»} 0

Observing that the last line may be thrown into the form

®9 :A@)l
9 0,

we see that, when LAPLACE'S equation is satisfied by the product ©,0,, we must have

1 1 1 4 b
\lllzaﬂ + 91 + b2 + 0} + @ + 91 + 01 _ 99 -_ O {
1 1 1 4 !' . . . . (2)-

"’2Eaﬂ+92+zﬂ+e;""cueg"'eg—elzoj

The equations (2) we may call the characteristic equations of ©,0,.

In like manner it can be proved that, if LAPLACE'S equation is satisfied by
0,0,...0, we must have

1 1 1 4 4
I[]l:[02+01+b2+61+02+61+91___92_'—"'+61__0n_0 -]l

4
= 2+9 +b"+0 +09+€ To_—ot - tozo, =0
MDCCCXCL—A. 2 H
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234 MR. W. D. NIVEN ON ELLIPSOIDAL HARMONICS.
The characteristic equations corresponding to ®, . . . ©, are the same as the equa-
tions ¥, . . . , s, just found, with the exception of the terms in the first column which

have to be multiplied by 3 ; 7e., for all values of the suffix we have 3/(¢* 4 ) in place
of 1/(a® 4 6). Similar changes take place in the second and third columns if » and 2
are taken in place of @. Again, if the function be yz®, ... ®,, the characteristic
equations are the same as in (8) with the exception of the second and third columns,
which have each to be multiplied by 3; ¢.c., we must have, for all values of the suffix,
8/(b* + 6) + 3/(c®* + 0) instead of 1/(0? + 0) + 1/(c®*+ 0). Similar changes have to
be made when the factors are zz and wy. Finally, in the case of 220, ... ®,, the
first three columns are each to be multiplied by 3.

4. Tt should be remarked at this point that the system of expressions given by the
scheme

x, Yz,
Loy, we wy: Koo K, o0 0 00 0 (1)
z, Xy,

are spherical harmonics for precisely the same values of ¢ which make the corresponding
® expressions ellipsoidal harmonics.

The harmonics in the schemes (1) and (4) may be said to correspond when they
involve the same values of 0.

The designation ¢ype will be used to denote any particular member of the group
(1) or (4). The degree of a harmonic is the degree of its highest terms in w, ¥, 2.
Since there are 2n -+ 1 independent harmonics of degree n (§ 5 below), if we suppose
them arranged according to any definite system, the number indicating the position of
any particular harmonic is its order. If, following Crerx Maxwerr, we denote a
solid spherical harmonic of degree n and order o by H,” and suppose the type to
be according to the scheme (4), the corresponding ellipsoidal harmonic or GREEN’S
harmonic of scheme (1) may be denoted by G.,°.

The outside harmonic corresponding to G,” may be denoted by &,” so that at any
external point ayz, ©,” (zvyz) = G,° L7 (wyz) where 1,7 is an integral of the form

r’ dan
c (0 =N (0, — N ... L

in which 6, 6, ... are the characteristics of G,” and L is an abbreviation for
V@ ) (B4 (@ + N}

At the surface of the ellipsoid we may write I,” (0) as the value of the integral.

When 7 = 0 the integral [ d\/L (FERRERS'S o) may be denoted by I, (zyz), and at
the surface of the ellipsoid by I, (0).

5. In the equations (3) we observe that the first equation ¢ = 0 is of degree
n 4 1in 6, and of degree 1 in all the other quantities 0, . . . 0,. The same is true of
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the second in regard to 6, and so on. Hence all these quantities satisfy an equation
whose degree is n (n + 1). But since the equations are such that if # — 1 of the s
be given the ' is uniquely determined from them by each of n — 1 equations, the
roots must form n -+ 1 groups of what we shall presently be enabled to describe as n
conjugates. Hach group gives rise to an ellipsoidal harmonic of the type ®, . .. ®, so
that there are, on the whole, n 4+ 1 independent varieties of this particular type.
Since the introduction in one or more of the first three columns of equations (3) of
the factor 8 does not affect this reasoning there will be n + 1 distinet harmonics of
any one of the types given by the general scheme (1).

6. Let f(0) = 0 be an equation of the n degree, satisfied by all the characteristics
in (3) § 3, for any particular harmonic ; then by the properties of roots the first
equation may be thrown into the form

L o) d0)
09+01+2 a2 | a6, =0,

?

1 1
Yo Trye T
or, if the suftix be dropped, all the roots satisfy
1 (02 4 6) (2 df 21 f) (12 9 gﬁ_
F{P+OCE+O)+...} (@O +0)(P+0)5=0,

an equation whose degree is higher by 1 than f(0) = 0. The left-hand side must
therefore be identically the same as

{n(n +4%) 0+ 73/(0)

where 7 is a constant to be determined.
The characteristics belonging to other types may be dealt with in a similar manner.
It is worthy of remark, as connecting the method of this paper with that expounded
by FERRERS, that the equation just found may be thrown into the form

and that all the equations for the other types may also be transformed into the same
form. For instance, take the type yz ©,...0,, and let F(0) = 0 be the equation of its
characteristics. Put 4/{(0* + 0) (¢* + 0)} F(0) = f(0) ; then the differential equation
for £(0) will be of the same type as the above, the equation to determine » being
however different and 7 4 1 taking the place of n. (See Ferrers, VI, 6, 7, 8.)

Further consideration of the roots of the characteristic equation will most appro-
priately be taken when their positions and values have to be determined for ellipsoids

~ of revolution.
2H 2
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236 MR. W. D. NIVEN ON ELLIPSOIDAL HARMONICS.

Conjugacy of the K-functions.

7. All the ellipsoidal harmonics of the same degree are conjugates, in the sense
that if G, G’ be any two of them, the integral [[GG'pdS is 0, where p is the per-
pendicular from the centre to the tangent plane of the element &S, and the integrations
are taken over the ellipsoid. This has been proved by Dr. FERRERS in his Treatise VL,
14, and we shall deduce from it that [[HH’ ds = 0 where the integrations are taken
over a concentric sphere.

For instance, let G=0,...0, and G’ = &, ... ®,; then, remembering that at
the surface any factor ® may be put equal to

22

L y ?
— 6 ‘{(ﬂ(a% + 0) + v(0* + 6) * AP + 9)} ’

or,

z,? %’ 4®
0<a9+ 0+ bg+‘6‘+02+0>’

where x.y,2, on a sphere of unit radius corresponds to wxyz on the ellipsoid, we
may put '

G("”: Y 2) = (— )"0, ...0H (2, y, %)

G (x,9,2) = (= 1)¢; ... . H (21, 41, 1) 5
pdS = abe ds.

Hence, [[HH’ ds = 0, the integrations being taken over the surface of the sphere.

This proves that the functions H, H, corresponding to G, ', are conjugate
spherical harmonics, and the same proposition may readily be established for any two
such functions whatever be their types.

The system of conjugates thus found, though possessing great generality on account
of the endless variety of values which may be assigned to «, b, ¢, do not appear to
take simple forms, except when two of the quantities, a, b, ¢, are equal, say ¢ = b, in
which case they reduce, as we shall afterwards see, to the canonical spherical forms.
We can show that the poles, in CLERK MAXWELL's sense, of any one of the systems lie
in one or other of the principal planes of the ellipsoid. Take the harmonic K, ... K,
for example. It can readily be proved that, if f(x, y, 2) be a spherical harmonic of
degree n, then

. =

f.(a d 6>1 (= 1) ELL29,2)

du’ 0y’ o) v 2 n) gl
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Hence
— M Ao+ 1 _;I;...._ .a_l, > l
Ky K=" 11<a2+08x2+ ST

Now the n values of @ lie either between — «? and — b2, or between — b*and — ¢?
(see § 33 below). Suppose there are o of the former and #n — o of the latter. Then
for the former values any single factor of the operator, in virtue of the relation

o 0 o\ 1
(aw‘e Top T ;f> v

7

being zero, becomes

@+ 002 B+ 0y

1 @ — ¢ oO° b — ¢ o0
¢+ 0 ?

and for the latter

L (e-Bd_s-ew
a+0 | B+002 " +0 0"

Both of these operators can be put into real factors : there are, therefore, 20 poles in
the plane of xy, and 2n — 20 in the plane of yz.

Expansions having assigned Values ot the surface of the Ellupsod.

8. Let v = f(x, y, z) represent an assigned value at the surface of the ellipsoid,
it is required to find a series of ellipsoidal harmonics which shall agree with it at the
surface. »

*We may put v = f(ax, by, ¢z), and an expansion in spherical harmonics can at
once be found by Larrace’s well-known formula, viz. :—

4771):;”vds+ oot (2n4 1) ”vQ,,ols—l—. .
where Q, is a zonal harmonic, whose pole is at 2,72, and the integrations are taken
over the sphere: This expansion has the value v at the surface of the sphere.

Since, according to the preceding article, the harmonics H,” form a system of
conjugates, (), may be expressed, as we shall presently see, in 2n 4 1 terms of the form
As B (XY, Z) L7 (2, vy, 2,) where A7 is a function of 2 and o, and o may have
(2n + 1) different values. The point XYZ is the centre of the element ds.

Hence

dmo= [[ods + .0 (204 1) 3 A H (2, 90 2) [| B (X, Y, Z)vds +
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238 MR. W. D. NIVEN ON ELLIPSOIDAL HARMONICS.

Or, if we express the series in terms of ellipsoidal harmonics and integrations over
the ellipsoid

477(11)0@:”@]9 dS+...+ @2n+ 1)2B G (v, z)”(}n"vpds + ...

In this expansion, xyz are the coordinates of the point at which it is required
to express the value » in harmonics, and G,7, v, p under the integral, are functions of
the coordinates of the element dfS.

The quantities A,” and B,”, which are seen to be connected by the equation
A= {11 (§)}*B,°, will now be determined. '

Fxpansion of Q, wm K-Functions.

9. CLERK MAXWELL, in the chapter on “Spherical Harmonics” in the ‘Electricity and
Magnetism,” 2nd edition, vol. 1, p. 186, has introduced a theorem of great generality
relating to any two spherical harmonics Y,, Y, of the sare degree n, viz., that

4nr 1 dar
4 e — - /gt
j’ .( VoY, ds = 20 + 1 aldhy ... .dh, <Y" " )

where the integrations are taken over a sphere of radius unity, and the differentiations
correspond to the n poles of the harmonic Y,

The result may be more conveniently stated thus: let f(z, y,2) and F (z, y, 2) be
any two solid spherical harmonies of degree n; then

Q) 0 0 0

”f(x,y,z) F(x,y,2)ds = 4wmf(%: %’ §>F(m,y,z).

This theorem offers a very simple criterion for the conjugacy of two functions, /" and
F; for, if they be conjugate, the right-hand side must vanish. Further, when a
solid spherical harmonic of any degree is expressed in terms of a system of conjugates,
each multiplied by a constant to be determined, the readiest way to determine
the constant is to operate on both sides with the operator pertaining to the conjugate
having that particular constant as multiplier. CrLErRk MaXWELL has pointed out this
simple method of procedure in the chapter already cited (p. 200).

10. The pole of the harmonic Q, being ®yy,7, and XYZ, any other point on the
sphere we may put

Q. (X, Y, Z)
2n)! 7 — 1 . —
= gg,n/?)m{ (X, + Yy, + Zz, ) — Z((Q]W_ ]> y (Kee =+ Yo+ Z2,) XY 2+ }

Put thisequal to 4,7 1,7 (X, Y, Z) as we are entitled to do by § 7, and operate on

both sides with
E[ o ;a ,a ~@_.
»\ox’ oy’ az>°
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Now
L2 D 2 Y Zeo (2. 2 3\, ;
mgfﬁwﬂwxnam%@%wwﬁu&m&

I COIN NS X, Y, 7
T 9l nf< Lox Ty 18Y + 4 8Z> HoX, v, 2),

Zn) ! 8 8 a n
ZQWu %ﬁ’ﬁ”ﬁw%x+%Y+%m’

2n)!
(21%1 }17& (%‘1, yl: Zl)‘

The coefficient of %,” is therefore determined, and we may write

@) w HIK Y, 2) e (e, g )
" gt 2 0o 0 0
H, Ho (X, Y, Z)

0X’ oY’ 0z

or, adopting the result of the preceding article,

_Am wan B (XY, Z) Hy (@, 0, %)
1 = ([ (1,2 ds '

Comparing this last with the assumed series in § 8 it appears that

47 1 1 B 4or abe
o+ L[ Heopds U P T s A 1[G pds

A=

The required expansion, having the value v at the surface of the ellipsoid, will
therefore be

BT P Gu” (2,9, 2) J] G vp dS
4wabcjfvpdb+ ’ ks ([ (Gu)?pds + &

Case of a Homogeneous Function of the Coordinates.

11. Let v=f(x, y,#) be a homogeneous function of degree p.
If we write w = f(§, 9, {), then will

v= (et us g


http://rsta.royalsocietypublishing.org/

I\

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

\
)

/’A

Y
A

a
,

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org
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It will be convenient to expand this first by one of the formule of the preceding
article in a series of K-Functions, viz. :—

17, (2n + 1)ty IS (o, 9,2) [0 ds
V= ”vcl&+ .t g 2;. . 5
N T

+ ...

In regard to the integral [[ H, v ds it is to be observed that p and n must both be
even or both odd, otherwise the integral will manifestly vanish: let, therefore,
p=mn+ 2m. In Part 1 of the ‘ Philosophical Transactions’ for 1879, I have shown
how to evaluate integrals of this class, and the result in the present instance may be
presented in the form

o AN
hﬂm Hn < aE B Z) N &) Dlmu, Whele D2 - a? “go, ot (§ 2)
hy" being
4o (m + n)!
@n + 2m + 1) m!

Reverting now to the expansion for v given above and observing that

(2n + 1)! o redu to dr
20! recuees 2mn ! (2mm 4 2n 4+ 1) (2m + 20 — 1) ... (@n + 3)°

the required expansion may be presented under the form

22 f)ﬂm (’n'l, nv G) HNO— (wlﬁ ?/]: zl)

where

H o __8_ a > Dim
n (CL aé a 9 Caé, W

N 0 0 P )
H, <59~6, @; ?a;) H," (z,9,2)

(m,n, o) =

and

1/6, == 2"m! (2n 4 2m 4 1) (2n + 2m — 1) ... (20 -+ 3).

The double % means that o may have 2n 4 1 different values for a given value of
n, and 7 may have as many integral values as may be obtaired from the equation
n = p — 2m by giving integral values to m. Tt only remains to express " (2, 1), 2;)
in terms of G,7 (, v, 2), according to the relation of §7.
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Case of any Function capable of expansion by TayLor's Theorem.

12. Consider now any function v = f'(é — @, — y, { — #) where x, 7.z is on the
surface, £, n, { outside, and let it be required to find a series of harmonics in x,y, 2
agreeing with ». If we assume that v may be expanded in ascending powers of
x, Y, ¢ we may put

v=3(=1y (e g+Ja"+%9

where u = f(& 7, {). The foregoing reasoning then shows that the coefficient of
H,’ (xy, 71, #,), when we transform » into sphere coordinates, will be

(— 129, (m, n, o),

in which the 3 means that every possible integral value of m is to be taken from
0 upwards. In fact, if we put

w =11 #,vp?, J— Dt . _|._
- 2(9n+3)+222!(27z+5)(271+3) s )

the coefticient of H,” (x,, ¥, 2,) will become

He 0 b _d« , ¢ Q>u’
L\ ey e
(=1 — |

H, <8;; ) a?/ > a) H,7 (i, v, 2)

13. Should the function f (x, y, 2) satisfy LAPLACE'S equation, the expansion just
found for f (& —x, n — vy, { — 2) will hold, not only at the surface of the ellipsoid,
but at all points in its interior, and is, moreover, capable of simplification ; for in

that case
, O az
gt =0

and. therefore
) o / a a _.a J— o aﬁ 9_ a_
H, (aag, ban, 08§>—H(— 9) H, <8§’ 5 8f;>’

where II ( — ¢) may include a factor of any of the forms «, b, ¢, be, ca, ab, abe.
Joining on the factor II ( — @) to the harmonic H,’, we finally obtain
MDOCCXCL—A. 21
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(00 By,
H. <8§’ on 8{?)20

[0 o o\. .
I{u <877’ '87/, 82) Hn (&C, v, z)

f(f—{l},y)“—y, C—Z):SS(—-l)” Gnc(x: Ys Z).

We may deduce from this result a practical rule for expressing any function of the
form f (& — x, n — y, { — 2), satisfying LapLAces equation in ellipsoidal harmonics,
First express f in spherical K-conjugate functions, then substitute «" for u, and
change H,” into G,°.

In the particular case, when the function is {(§& — 2)* 4+ (np —y)* 4 ({+ 2’3}~
the above result may be put into a more concise form. The foregoing proof, how-
ever, depending as it does upon an expansion by TAVLOR’S theorem, which will not
be convergent unless én{ is further from the centre than wxyz, can only be accepted
without ambiguity when the point &yl is at a greater distance from the centre than
the longest semi-axis. I shall, therefore, give another proof of the important case in
question, against which this objection cannot be urged.

GREEN'S Function.

14. Let E (&) and P (zyz) be two points, of which the former is outside of, and
the latter is on, the ellipsoid, and let 1/EP be expanded in a series of ellipsoidal
harmonics by the formula at the end of § 10, viz. :—

G ) | 5 G (g p

J Gy pds

1ﬂ.1pds+u..+2 T

drabe J)EP

where f, g, I are the coordinates of the element diS.
Now it can be easily shown that density pG,°(f,¢,/) on the surface produces
potential at an outside point §n¢ equal to

omabe {I1(0)}* ©,7 (&, 1,() (See §4.)
The expansion of 1/EP is therefore

(}N‘T % ©ﬂv(‘§‘: ,2_,")
%27 IO (gin’c) + e + 2mr (xH/G{)no')z dénﬂ + o
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If P (xyz) be now supposed to be outside of the ellipsoid, GREEN'S function at P
due to the electricity induced by unit charge at E, or at E due to unit charge at P, is

_2 {IO (zy2) 1, (€, m,8) e

©,° (87 s Z) &, (‘779 Yo 2) }

L7(0) JJ (H.) ds

Connexions between corresponding Ellipsotdal and Spherical Harmonics.

15. In § 13 it was shown that the expansion of a function satisfying LAPLACE’S
equation, in ellipsoidal harmonics, might be obtained from the expansion of the same
function in corresponding spherical harmonics by the adoption of certain changes.
To render this method complete, it is necessary to show how an internal ellipsoidal
harmonic can be expressed most readily in a series of rational algebraic functions.
The present article is intended to effect this, and the results obtained will be found
useful in the case of ellipsoids of revolution.

If we denote K, . . . K, by S, and the sum of the products of the K’s taken together
r at a time by S, then

.,®n=(K1'—1).--(K;L_1)=S71_87L—1+&c'

It will now be shown how the S functions may all be derived from S, by successive
differentiation.

Theorem i. With the values of 6, ... 6, given in (3) § 8 corresponding to the
functions @, . . . @, if the operator D? be applied to S, the result will be
(2n —2r42) (204 2r—1) S,_.

To show this let the result of the operation D? upon the product of two factors
K,K, be first found. We shall have

2 20 o 24 2 2
<02+0_|_62+9+09+0> 2+<w‘+9+62+0+cg+0>K1
8alx? 8b%y* 8c%?

@)@+ T PTE e T

_I..

Now the last line is readily seen to be equal to

— _9 (0K, — 6,K,).

Hence the coeflicient of K, is

2a° 20 & 86,
c42+0+62+0+c~+61 6,— 0,
212
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Let attention be now fixed upon one particular term in S, _, after the operation D? is
supposed to have been performed upon S,, say the term K,_,,. ... K,. This term
will obviously arise from differentiations upon (K, + ... 4+ K,_, ;1) Kiisyo . . . K,
and from none other. The resulting coefficient written at length will be

w—r+1 a2 2])2 202
1 <c¢2+9 +b2+0 +cg+ 93>
Hn T2 0727 )
=8 =8y
Oy o 0
— 8 Th-rt? .. — 8 PR S
071—1'+1 - 0n—r+2 67;,_.7‘+1 - Gn

Putting «? / (@*+0)=1—0/(*+ 0) in each case, and bearing in mind the
equations (3), § 3, we find

G(n—-r—l—l)+8(n—fr+1)(r-—1\)

17 074-—)'+1

1 1
+ 801 <§l*_:—02‘ + e + 6"""”‘"““""")

+ ee,z_fjn(e‘“““}“;;e T + "__ 1 9> '

n—1r41 073—7‘4—1 -

The terms after the first line now combine in two’s, the sum of each pair, involving
the same two @'s, being 8. Hence the final result is

6(n—r+1)+8(n—r+1)@r—1)+4n —r+1)(n-~7).
= (2n — 20 + 2) (2n 4+ 2r — 1).

The next three results are given without proof.

ii. For a function of the type 2@, . . . ®, the operation D% S, gives

(2n — 2r 4 2)(2n + 2r + 1) xS, ).
iit. Of the type 2@, ...0,_,, Dz 8,_, = (2n — 2r + 2) (2n + 27 — 1) 12 S, _,.
iv. Of the typeayz®,...0,_, D2wyzS,_, = (2n — 2r + 2) (2n 4 2r 4 1) 2y2 8, _,.

The equalities of the coefficients in i. and iii. and in ii. and iv. should not escape
notice. They show that ellipsoidal harmonics of even and odd degrees may be
expressed respectively as follows :—-
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. D2 Dt
Gy = <1 T 2(4n —1) T = 1) (4n —3) &°‘> He,
D D
G 1 = <1 - 2(4n + 1) + 2221 (4n + 1) (4n — 1) - &C'> H,, o

Both cases may be combined and the result exhibited in the form

De V ng
T 220 —1) Tt (=) 2mmt (2n — 1) (2n — 3). .. (20 — 2m + 1) + - >H

G, = (1

where the greatest value of m is 4 n or 4 (n — 1), according as n is even or odd.
This result may be expressed concisely by means of a definite integral, viz.,

o«

G [ (2 = Doyreraum,
0

"= (2n)!
or

1 (/d\» —
’(‘2*7;}“! jo (d’[b) (’I,{/z —_ D2>1 e clu H”

AT ® - —u
= G D[ B @D e du H,

P, being a zonal harmonic of degree n.

Expansion of an External Ellipsotdal Harmonic tn Spherical Harmonics.

16. Comparing the coefficient of G,°(«, ¥, ) in the expansion of

(= o) 4+ (0 — 9 + (L= 93

in § 14 with that in § 13, we find
] % H o ﬁ é Q '
G (69,0 I <a§’ o ac) "

HoPds . (0 0 0
BEPE e (G 5 5B e

where

/ — __~]:j___. | _*L..__._ 2 — 2_@1
u—_{l 2(2n + 3) ..}\/(52'1-772-1-;2),1),_(1 T
]fle.nce

- _ n M 4 a“ "‘a’- a !
@n (6) 77? C) - (_1) (27@ + 1)' E[” <8§’ 8"] ’ 5&>u.

This result, however, as has been already pointed out, cannot be accepted unless
V(& +9* 4 ) is greater than the longest semi-axis. It also follows from an
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investigation, to which I shall now proceed, undertaken with the object of establishing
a physical interpretation of ellipsoidal harmonics from the Theory of Attractions similar
to that given by CLERK MAXWELL in the case of the sphere.

Physical Interpretation of an Kllipsoidal Harmonic.

17. We consider here the potentials and derivates therefrom of ellipsoids whose
layers of equal density are similar and similarly situated to the bounding surface.
2 2 A\ n—1
Let the density at any internal point fg% be of the form n <1 _{; - ;)/3 — %) ,
then it is shown in THOMSON and Ta1r’s ¢ Natural Philosophy,” vol. 1, part IL., p. 526,
that the potential at any external point &nl or evv’ is :

el (1 & .7 8y
WCLZ)CI (\1 RN 02+K) Lo - (D

€

I shall denote this potential by wabeV,.

Suppose now an ellipsoid of any law of internal density p, and let U be the potential
at an external point énl; then if we superpose upon this ellipsoid another of density
— p with its axes in the same directions, and its centre at the point — 8¢, 0, 0,

. . 0 . . .
we shall have an outside potential — f}% 8¢, and the density at any internal point

Joh will be — %5 8¢,. At the surface, however, we shall have a shell the volume density

of which at any point f,g,4, will still be p.
Ve ]L2>n—1

I remark here that as the density we are to consider is of the form n< — A ET @

where n is an integer, and, as this vanishes at the surface, it can only give rise, by
repeated applications of the above process, to expressions which are not evanescent at the
surface by being differentiated at least n — 1 times. In n — 1 successive differentia-
tions, therefore, in which the surface shell only is to be considered, we may omit
consideration of all terms which arise in the differentiation, except those only in each
case where the above vanishing expression for the density loses in its index.

Let us now make a second displacement like the first, parallel to the axis of ,
through a distance of 8¢, which, for the sake of clearness, we shall suppose less than §¢,.

The outside potential will become %zg 3¢, 8¢y, and the inside density will be %Z 8¢, d¢b,,

while at the surface there will be a shell of a somewhat complicated character, the
nature of which may be best gathered from the following scheme. After the first
displacement the state of things in the neighbourhood of any point of the surface in
the positive octant is represented by
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b,
interior, density = — %5, 3¢, p exterior of ellipsoid.

After the second displacement,

5¢, \3751 —8¢h, b¢» ............ %\
|
N B 2o \
interior, density = 2:]7{; Scp; Ocpy ' \ — %;—1 Scby p exterior.
-"p"g;&ﬁz\ | | \

There are thus three shells which a normal to the surface would perforate before
reaching the interior, but it is to be remarked that, according to the explanation given
above, the density p of the first shell may be disregarded, as it can contribute nothing

to the final result. In like manner — <p + g}‘) 8q51> in the third shell, which is equal

to the first shell geometrically, can contribute nothing, for this quantity is equal to
— p at a point, 8¢,, further along the direction of the axis of @ in the first shell. The
practical effect of eliminating the first shell and the part referred to of the third will
be to leave this state of things—

|

|
&'\ 8¢1 \\
interior, density = gf’; 3P, S, \‘ — %ﬁgqu 1\\ exterior of ellipsoid ;

that is to say, exactly as after the first displacement, provided we substitute — gj;’ Scby
in place of p.
By giving exactly equal displacements parallel to the axis of ¥, we should find for

2 2
the outside potential %ng 8¢, 8¢y, for the internal density gfg 3¢, 8y, and a similar

system of shells, the effective density of which is — gg 3¢, and whose breadth as
measured parallel to the axis of ¥ is &¢,. '

Similar results hold also as regards the axis of z.
With this explanation we may now suppose the three systems multiplied
respectively by a®/a® + 0,, b*/b* 4 6,, ¢*/c* 4 6,, and superposed. '
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The following statement may then be made:—
The potential
@ » 0 & 0
(+ oo T e T iy ag?z) U,

arises from an internal density

at P B &
(5 aant oy o apT ol o om)rdh

and from three shells whose volume densities are respectively

a®  Op ¥ op ¢ Op

T+ 6,04 T B+ 0, dy’ T 6 0hy

18. If we make a series of successive operations of the same kind, we shall arrive at
this result:—The potential ‘

(—1)"6,...60,E2. . . E2U.8¢ (see§2) . . . . . (2)

arises from internal density

G?...6,2p.0¢, (see§2) . . . . . . . . (3)

and from three shells of densities

a? o Op
Y g2 g 2 P
N 08
? op
LA s 9P
62+01L2"'@'” bt (5)
@ op
—_—— 2 2 5
Fa LGS )

19. Let us now make the supposition that, in the expression for the law of density
in § 17, n is even and equal to 2m, then we shall show that the expression (8) of
§ 18 vanishes, provided 6, . . . 0, are the characteristics of an ellipsoidal harmonic
0,...0,

The vanishing of (8) is obviously the same thing as the vanishing of

:E]2 e Em2 (902 -+ y2 -+ 22— l)2m-—1

for the same values of 0.
To prove that this vanishes, I shall avail myself of a theorem given by Dr. FERRERS
in a paper on a kindred subject in the ¢ Quarterly Journal of Mathematics’ (vol. 14,
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p. 8). With the notation of this paper, the theorem in question may be stated
as follows :—

o\zr—1 .
“« (Agc—l— ,wy—l-vz)”"'l: A, _, < — - Ma}/.{_ ;;> (x~+y2+22__ 1)”"‘1

9 P a a *T n
+Ahu»+w%+ﬁWMﬁ+y%+W@> @ g — 1y
+ &e.,
where A,_,, A,_,, . . . are numerical multipliers.”

If we differentiate this again by means of the operator

0

}\_—+IL;\1/“I VD,

we find
(3= D4+
=A@ = e

Now this result is true for all possible values of the ratios N :p:». The coefficients
of the various powers and products of \, u, », when all the expansions are made and
the terms collected, must therefore be sepatately zero. We may accordingly substitute

in place of A, w, v differential cperators =, ? 5’ 6 3, upon a function M (£, ¢, &), which

S'\
of

satisfies LAPLACE’s equation.

‘When this is done, we obtain

d 0 d 0 ‘ .
<9;”52+608/+87L ) M(f,9,h) («*+ 9>+ 22— 1)y 1=0.

In this result M is quite arbitrary, subject only to the foregoing condition. We
may, therefore, put

— (L i
(fg’h) <a~+6 +b2 9 + +9> <(L’z 6 +b?+0m+62+0m>.

It is easy then to show that the result finally reduces to

Elg e :E,,L2 (9(}52 -+ yg + 22 - 1)7&—1 = 0.

Hence (3) of § 18 vunishes.

20. We resume the consideration of the three shells, the expressions for the volume
densities of which are given in § 18, (4), (5), and (6). If we bear in mind the remark

MDOCCXCL—A. 2 K
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contained in § 17 as to what is to be omitted in successive differentiations, the process
of reducing the expressions for the densities is easy. Take, for example, Elp; we
have to find

a® o? b2 o2 o2 o? 2 919 @f)n =1
<a2 + 0, @’1_ + P+ 0, op? + ¢+ 0 ahﬁ) ’IL<1 G )

This, with the omissions alluded to, becomes

2 2 .. ‘ n—=3
2°n (n — 1) (n—2) {%{i 0, + two similar terms} {1 — 22— — two similar terms } .

If we continue this process for (4) we shall arrive at

O,...0,/nonh) S
2m =141 m+1l 2 S Y . .
2eint(—1) 6,...0, «*+ 0,

This represents the volume density of the shell indicated by the operation (4), and
since, according to the process explained in § 17, the whole of the matter of this shell
is included within the boundaries of what is practically the first shell of the series in

§ 17 the thickness of which at fig,h, was ﬂ;ﬁ 8¢, where p, is the perpendicular from

2

the centre on the tangent plane at f,¢,%,, the surface density for (4) at this point 1s

8,...0, nSt
90 e 6111, 662 (662 + Hl S(ﬁl‘

&

92n=1 (9m) 1 (— 1)+

A similar treatment applying to the reductions of (5) and (6), we may now super-
pose (4), (5), and (6), and, observing that U = mabcV,,, present the result in the
following form :—

The potential

Ez2. .. E2 V.

2

is due to a shell of surface density

p 2 O O (g )

R =
2 (2m) " 2mabe 67...0. .

But this density produces a potential at outside points &n{ or evv’

o dA B
C(X"“’ 61)2 P L

= 2" (2m)1 @, . .. 0,(& 7, C)f

and at internal points the same expression with ¢ put = 0.
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In the notation described in § 4, this is

, 1L/ 00
®2mc (é‘:) un C) or va I‘},mu (é) uB g) = ggﬂ_l_(z;{;'y Hzm (éé’ ;Z;, @> V2m .

The proof has been established for one particular type of harmonic of even degree,
but it is almost identical for every variety of case included in the scheme of § 3. The
general result is

21. The expansion for the potential due to a simple shell, whose semi-axes are
d, b, ¢, at a sufficiently distant external point &y, is easily shown to be

. ] ]_)2 22t
mass of shell <l + a1 + ...+ m + 1) + .. > w,
where

,“—2: éz_l_ 7]2+ gz

Hence, the potential due to any one of the simple shells into which the ellipsoid
may be divided, with the law of density of § 17, is

dmabe 6400 . 7 (1 — Py—1 <1 -+ 6233 4 .. > ”w.

Integrating this between the limits 0 and 1, and remembering that the result
is wabcV, we find

V=20 +1) 3 T(m + 2)

- DQmu
m=o I'@m +2)'(m 4+ 2 +3)

2Qn+l n 1 plm=® })Qmu

= Cn 4+ 1D 20 2mm ! Cn + 2m 5 1) Qo+ 2m —~1)... (20 + 3) .
/ K /

On substituting this expression for V,, in the last line of § 20, we obtain the same
result as in § 16. It may further be remarked that V, may be exhibited in the foim

‘1(1 _ 92)" (GBD + G«OD) dﬁ. " .

I K 2
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Applications.—1. Induced Magnetism.,

22. To show what calculations are required in solving physical problems involving
boundary conditions at the surface of an ellipsoid, it will be sufficient to take the
problem of finding the magnetism induced in a solid ellipsoid under given magnetic
forces.

If &yl be the magnetic centre of any external magnet, and xyz any point inside of
the ellipsoid, we may represent the potential at the latter point due to the outside

magnet in the form
0 0 AN |
<_A. N o + B 'a"; “"I“ (_/ ;}4§ Y -) ;: 9

where r is the distance between &yl and xyz (Crerk Maxwerny’s ¢ Electricity and
Magnetism,” vol. 2, §391). Hence, taking the expansion of 1/r, given in § 14 above,
we see that for any known system of magnets we may always express the potential
due to them in the form of a series, the general term of which is «,°G,”(xyz) where
o’ 1s a known constant.

23. If we assume corresponding series for the potential due to the induced
magnetism it will be necessary, in order to satisfy the condition of continuity of

the magnetic induction at the surface, to find thereat the rates of normal variation
of G, (x, 9, z) and &, (, v, z). Take first

o0G,” o /f{/ a y 8 2 a .
7 =p (ug Oz -+ 7 ay -+ s d,) G 5

and observe that G,” will contain a series of factors ®, upon any one of which the
operator within brackets gives at the surface — 20/0.  We may therefore write

ac o -~
O e,
where

. 1 P q ¥
N 5 = £ ES —
W=—225% st pts

the quantities p, ¢, » being either unity or zero, according as G,” does or does not
contain x, ¥, z as factors.

In like manner, if 1T denote the product of all the values of §, as well as a, b, ¢
corresponding to factors , ¥y, z, we shall have at the surface

0

on

I3

0 . o, 9\ .
O = g (Gl = (WL O = gy s P
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24. The inside and outside potentials due to the induced magnetism may readily
be found from the usual conditions in the following forms, viz.: A,7G,°L,° (0) and
A,’®,°, where

o

4arrea, ' 2

T TAmLs0) + e = 0,

k being the magnetic susceptibility of the ellipsoid.

The potential due to the magnetism induced in a solid sphere admits of a compact
expression. If V denote the potential due to the inducing system, then ai any point
in the interior of the sphere the potential due to the induced magnetism is

2 e [ perann OV
1 1 -,
0 5/'

The outside potential may be expressed in a similar form,

Applications.—2. Potential due to o thin shell bounded by simidar and simidarly
situated ellipsoids, the density of which varies inversely as the cube of the
distance from o fixed povnt.

25. First let the fixed point &y or evv’ be outside of the ellipsoid, and let » denote
the distance from it to a point fyh on the surface : consider then the integral

{ j G (fo9, 1) pdS = 2mabe {11 (0)}°G, L7 (£, 9, {).

”
If we operate on both sides of this relation by means of the operator

Ed om0 L0
cog T o, Tedr

we may arrange the result of the left-hand operation thus :

[ Gad [(1 8 78 ({20 s RGOV g,

a‘z 02 \ aZ bZ 02
. . ¥ .
which, it we put 1 — §~2 -— l’f - % = u, 1s the same as
G pdS i\ _8 L g
¢ J‘f R + ] G on ' ds.

Tf we now take the expansion 1/ given in § 14, and, observing that at the surface,
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9 G, = 1,7 . pG,7 (§23), enter it in the second integral, it will be seen that all the
on \ S

terms but one disappear, and we find
D1 : ,
([ 2L as = 200, Le (0, ) Liabe (11 (8))
On the right-hand side we have to find

‘ 8w d L\,
Qmrabe {H (0)}2 <§‘~, SE + blg 87') + (;Z 'az,> Gw Iu (‘fﬂ uE C).

Suppose ® one of the factors of (7 (£ 7, £), the operator upon ® alone would give

2¢° 2 20 _ 2
a* (a +_0~) + P (b + 9) + & (& + 0) or -5 (® 4+ u).
Hence,
0 _ . I
(Gagt )G en == 2ux ) Gr (6D,
and

,E_ a o O S L 3:: df:‘
(Bt )i End= - oo rorraeia ot )

/
D5y

T IO - 9P e/ {(@+ ) (B + o + o)}

w being the perpendicular from the centre on the tangent plane to the confocal
ellipsoid at énl.

Performing the complete operation on the right-hand side, and comparing the
result with that on the left, the term containing [,” cancels, and we obtain

G, pdS __ dara®abe {11 (0)}* G,7 (£,7. ) T T A 1 Nor e
[ = e fen@ s 0 @t gy~ mbe 1002 g 6L (E9.0)

Now, by §10, if = on the left-hand side denote the distance between &y{ and fyh
and, on the right, between &y and any element dS on the surface, then

o, o [[G
Lo L[y LG [[% pas
ol @y p s

Hence, on entering the values of the integrals just found,
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,} ._.. l o’ ; ! (6) >2 G (f7 9 h) G.” (é‘a"?, é’)
P @9+ @) [k o e (H 025 Herpas ot
1
n = G'lo. («f; g’ h) 2 9—@ G’no-:["v (E? ')79 é’)
—4r 3 [T (0L,%)% ds

If we multiply both sides of the last found relation by p, the perpendicular from
the centre to the tangent plane at fyh, we may find the potentials outside and inside
the shell due to density p/rs, for we know the potentials which p G, (f; ¢, #) will
produce.

It will be observed that the second of the two series expressing 1/r® begins with
harmonics of the second degree, and contains those harmonics only which have at
least one factor of the form ®. From this circumstance, by taking the first four terms
of the outside poténtial, viz., as far as harmonics of the first degree inclusive, it may be
shown that, to the same degree of approximation, the potential at any outside point
x, 9, z 1s the same as if the mass were collected at a certain internal point.* If we
denote by I, «I,’, y1,”, zI,”” the first four harmonics at an external point zyz, then
the potential at this point is

2maboa’ g BOE el 3Py gl | 3L A
V(@ F+OP +) @+ 0 P ted T Pde 1P T Ete &

But, by § 14, this to the same degree of approximation is the same as if the mass
were collected at the point afy, such that

a 4 B 7 v 4

3 T — 2 ——
a? a? + € b? 0+ e c? i+ e

26. It may be pointed out that the two points {n{ and aBy possess a remarkable
geometrical property which may be stated as follows :—
If @yz be any point on the surface of the ellipsoid, then

(0— &2+ (g =) + (= 0P = (e — 2+ (y — B + (e — 7P
el 5+ ()

By means of this geometrical theorem it is easy to demonstrate the property
proved above, that «By is the centre of inertia of the shell just discussed. The
geometrical theorem occurs, though in a different form, in a paper by CAYLEY in the
¢ Proceedings of the London Mathematical Society’ (vol. 6, p. 58).

* The property referred to was set as a problem by Mr. TuyinrLey in the Mathematical Tripos, 1880.


http://rsta.royalsocietypublishing.org/

VA\
/s
. 0

/

e

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

3

a

///

AL

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

256 MR. W. D. NIVEN ON ELLIPSOIDAL HARMONICS.

27. If the point &y{ be inside of the shell, the foregoing expressions and series will
take different forms.
The proper expansion of 1/r will then be

i ¢ G" (3 > ; Gn T,, f; ,]I;)
%10 (./; ,(]7 ]}) + e +' Z”T}r . S:"‘j?’“'(%‘{’&ﬁ“d’;“g ~(/—~f _.‘.

(I” (Eng) o o — 2 S ,\ =7
2 i (7 0) = i) £ O ()
The left-hand side in this case will, therefore, be
w [[9298 4 o G (gm0 [abe 11 (6)32 1,7 T,7 (0) — 2]
The right-hand side will be

Smabe {11 (6)} <7 —ous %) Gy (€00) L7 (0).

Hence
” G - pdS = 47G,7 (é9) — 4mabe {11 (0)}* 290 G2 (En€) L (0),
and
v _ Lo GG S Gu7 (fygh) LS (0)2 5 G (fnm‘
7 abe 1 (G2 pas =t If () dS

The centre of inertia of this shell is the point &l itself; and its mass is clearly
given by a different expression to what it was in the former case.

If unit of electricity be placed at an internal point &yl and o denote the density
at fgh, then — 47 is equal to the first of the two last series multiplied by p. The
above result, therefore, shows how far 47o is different to — pu/s%, which corresponds
to the similar expression for the sphere,

Applications.—3. Electrical Capacity,

28. The theorem which forms the subject of this article is not a special illustration
of the use of ellipsoidal harmonics, except in so far that Greex’s function can be
determined for an ellipsoid in terms of those functions. T shall now show that the
determination of GREEN'S function for any surface suffices also to determine in a
simple form the capacity of the inverted surface.

If R be the radius of inversion, » the radius vector from the electrified point to an
element 88 of the conductor, at which the density is o ;7, 8Y, o’ similar quantities
for the inverted surface: then, by well-known vesults,
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s sco _ (R\E (172 R
o 88 =<> a<’> 58 =" 88
7, ” ”
o a8
e

On the left-hand side, the integrations cover the whole of the inverted surface, and
on the right the whole of the original surface. We have supposed the electrified
point to be unity. If we take it equal to R, then the potential of the freely
electrified inverted surface will be unity, and the above result shows that its
.capacity is R where — w is the potential at the electrified point, of unit magnitude,
due to the charge induced by it in the original conductor. For instance, let unit of
electricity be placed at a distance f from the centre of a spherical conductor of
radius a, and let the sphere be inverted into itself. Then

R = f* — a? and u:c;//<f—c~?>
Therefore R*u = a, as it ought to be.

29. It may be pointed out that the foregoing theorem is suitable for the determina-
tion of the capacity of the inverted surfaces derived from

VEEl _é 1+ etan”%&cosmjz =0,
P f 7

where n is integral, 7, 7’ are the radii vectores from fixed points A and B to any point

P; PBA = 0; and the longitudinal angle of the plane PBA = ¢. We shall suppose

n even and f > a (1 + e), the distance AB being, as before, /' — ¢?/f. Then so long

as the expression
1 o
1 - e tan" & 6 cos ne

is negative, it is impossible to find points for which V = 0. If, however, it is positive,
there are real points until it reaches the value f/o, when » and #' become infinite.
Hence, when cos n¢ is positive, the equation

1+ etan” 4 0 cos np = fla

is that of a cone parallel to the conical asymptote to the surface V = 0, the vertex of
which is A. The inverted surface, with respect to A, will therefore have a conical
protuberance, terminating at the point A, with n corrugations symmetrically ranged
upon it. _

If the radius of inversion be, as before, ,/(f* — a?), the capacities of all such
inverted surfaces will be .

Inverted figures obtained from ellipsoids present many varieties according to their
degrees of prolateness or oblateness, and the position of the point of inversion. The
expression for GREEN’S function in the general case of the ellipsoid with three unequal
axes is, however, of too complicated a character to admit of interesting results.

MDCCCXCI.—A. 2 L
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Ervrresons or REvoLuTioN.

Reduction of the K-Functions.

30. We here consider the case in which two axes of the ellipsoid are equal,
say a = b.

It will be convenient to take one particular form for discussion ; let us, therefore,
choose ®,...0,, and find to what the corresponding function K, ... K, reduces when
all the characteristics = — a? '

In the equations (3) § 3 write b0 + 0, = (¢ — 1?) (— @), &* + 0, = (0&® — b?)
(1 — ¢), and similarly for @, . . . 6, ; multiply by a® — b* throughout, and put a = b.
We obtain

+ &c. = 0, &ec.

n—1 971 —
Hence all the roots satisfy an equation f{q) = 0 such that

1 @
(1-1+9+qu 2 dg

= 0.

This equation being of the same degree as f itself, we must have, identically,

0g=1) 5 +3 =1 =
Vg =} v/ ia(t =} o+ =0,

or

f+47—0

where g = sin?y.

Hence f = cos 2my or sin 2ny, the former value being appropriate to the harmonic
under consideration, the latter to the form @y ®, . . . ®, which leads by transformation
(§ 6) to the same differential equation.

Since any factor K in the case we have supposed is proportional to

@ (—q) +y* (1 —q),

.e., to p
(ﬁ+y%bﬁjﬂ—ﬂowﬁ+y)@ﬁ¢—®
if we disregard unessential constants, we have K, . . . K, proportional to

(22 4+ ) (sin® ¢ — sin® ;) . . . (sin® ¢ — sin® x,)

~ where x; . . x. satisfy cos 2ny =
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The harmonic, therefore, becomes proportional to
(@® 4+ 9°) cos 2ng,
or, as it is usual to write it, 3 (£ + 7*), where £ = = + jy, n = 2 — Jy.

It is noteworthy that, in this particular case, ®, . .. ®, reduces to the same result.
31. Next let ®, ... ®, have o values equal to — ¢® and n — o between — a?and
— 2

It will be found that the equation to determine the equal roots is identically the
same as in the preceding article, except that o takes the place of m. One factor of
K, ... K, will therefore be cos 20¢.

Let each of the remaining #n — o roots satisfy an equation f(f) = 0: then, by the
equations (3), § 3, each of the roots in question must satisfy

4o + 2 o B Jdf
+0+02+6+Zd’6’2/d0—0'

Write herein ¢ + 0 = — (a® — ¢®) p, &® 4+ 0 == (¢®* — ¢? (1 — p); then

d?
—2p(L=p) i+ (o +8)p—13 L =

and this being of the same degree in p as f itself the left-hand side must be identically

the same as (n — o-) (2n + 20 + 1) /.
Now put p = u?; then the equation to determine the form of f'is

(1-.,@% z(za+1)p§;{+(zn—za)(2n+za+1)f= 0.

But this equation (see FERRERS, IV., § 9) is satisfied by

. d?o’
A — g 2Ye
S=0 =) Pufp).

If, now, we omit unessential constants, a K-factor becomes 22 — («? -+ ¢? 4 2 p
Hence the n — o factors produce, when multiplied together,

9 9 i
@ 4+ y* 277 Palp).
The complete K-spherical harmonic is therefore

(&> + 7% (a? + ¥+ 4“’)"“ P?ﬁ(#)
2 L2


http://rsta.royalsocietypublishing.org/

A
A
A
) N

[~

A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

L\

[ Y

/J
A

\

a

a ¥

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

260 MR. W. D. NIVEN ON ELLIPSOIDAL HARMONICS.

32, We have thus investigated one particular case of the scheme (1),§ 3, but all the
other cases may be similarly treated. It will be found that functions of the forms
(1,2 a, az) K, ... K, have £ 4 7 as their longitudinal factor, o being even for the
first two forms and odd for the second two, and that (y, yz, @y, xyz) K, . . . K, have
& — 97, o being odd for the first two and even for the second two.

The general form to which the K-harmonic of # degree reduces is

a
L, C0s T a

1 e 2\0/2
sin o (1= CZMP” (1)

and is seen to be that of the ordinary tesseral and sectorial system.

33. Reverting to the particular type ©,...®, we may arrange the solutions as
follows :—First with the n values of 6 each = — a?; next with n — 1 values = — a?
and one between — a? and — ¢?; and so on; the total number of values, = — a?,

used in the process, being n 4 (n — 1) 4 ... + 1 = & n(n + 1), v.e., half the whole
number of the values of # (§5). This shows in what manner the values of @ are
distributed in the case of the ellipsoid of three unequal axes. A harmonic of the
type in question may, in the general case, have » values of 6 between — a? and — 0?
and n — r between — b* and — ¢*, where 7 is any integer from 0 up to n.

Internal Harmonics of o Prolate Spheroid.

34. Tt is desirable at this stage to effect an alteration of meaning in two of the
symbols, viz., H,” and G,”, as used to express corresponding internal spherical and
spheroidal harmonics. It will now be convenient to adopt the spherical harmonic
system in TromsoN and Tarr’s ‘ Natural Philosophy,” and Crerx MAXWELL'S
‘ Blectricity and Magnetism,” and to express corresponding spheroidal harmonics in
conformity therewith. The new meaning of H,” may be taken as expressed by any
one of the following well-known forms, collected together here for future reference :—

. (n + o)! (& + 7°) {zn—c -0 m—0o=1) 20 (4 ) L }

2l ol 4(o + 1)
I (2’)’1,)’ T T =0 (97/ - G-) (n -0 1) ==+ (2 2 72
e ot (8 +’7){z T~ 2@m-1 ¢ +(“’+y+”)+"'}’
+o)o! 1" . P
. %’%ﬁ% (& + ) [ (= jp cos O~ sin®> 0 0.
iv. 277 (—J)° (n + ‘2::? = !9 cos G(ﬁ:;”r (# -+ jp cos By cos o6 dO.
e A 0

If ¢ = 0 these expressions must be divided by 2 to express 7P, (n). Should there
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be occasion to specially denote the corresponding harmonics when the longitudinal
factor is ¢~ — 77 in place of & <+ %° we shall use the symbol H’ %
35. According to § 15 the corresponding spheroidal harmonic is given by

T s 03 ‘--‘_CL_Q, _a._z o
G = < 2 (2n —1) a/"+ o > H,

=H,4+AH,_»+BH,_ +...,

where A, B, . . . are functions of n and o arising in the process of differentiation.
It will conduce to brevity if we introduce a new symbol, defined by the relation

He=1r.2cosod (1 — p?) "y (P«),
so that
— )]
(1= )" X (W) =277 Ln! 2 )"’2 Pn (w)

(n+ o)l (n — o')’ 1

n! n! m

=277 (—J)° j (n =+ jv cos 0)" cos o8 d0.

Taking now the case of a prolate spheroid, ¢.e., supposing ¢>a, and writing
¢* — a? = ? we see that (,” may be thrown into either of the following forms :—

i 2ﬂ'+0'(n + O-)Y n! o! n—-O' ' cTd jp os 0 20
- 2n)! (20)! €+ ) _{ Xn < y >sm 0 de,

2= (n + ¢)! (n— 1 + jp cos 6
i (=) T S o o [T, (T2 cos o,

and

o 2l 1_[ z +;,.szz99§§>
G, = @n)! 77.01}”( v ap.

36. The expressions just found enable us to express G, in terms of ellipsoidal
coordinates. ~
In the formule

E—d)2= (9 +), (=)= — (0 ) (4 V)

(F—a)p? ="+« (*—a*) v = — (a® + ¢€)
(==t (=t = — (@ )

put

Then
2+ 7 s 6
P, <f'—Jf-4—”—9@—) = P, {up, + v, cos (m — 0)}

Y
=P, () P, () + - ..

n' nl

(_ 1) 22U+1 +U) (7(,_5)!

v v X (1) X7 () cos o + &e.
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First expressing »” x,” in terms of ellipsoidal coordinates according to the formula of
the preceding article, and then entering the series just obtained in the second expres-
sion for G, (il. in § 35), we may exhibit the final result, after reduction, in the form

Gs = . 2c08 op. f,7 () fim V),
where

{(n + o)l (2 = o)l}*
(2n)! n! n!

ancr — (_j)a- on—ao

Fr(e) = = [/ + 9 = /(@ + ) cos 6} cos o0 db
0
Fr ) =2 [/ 4+ ¥) = e + ) cos 0} cos o0 d.

Y0

Faternal Harmonics of « Prolate Spheroid,

87. Since the form of G, is completely determined in the foregoing articles, the
present part of this investigation may be considered as a method of evaluating the
integral I,

Two preliminary remarks seem necessary:—(1) The result established in § 20,
expressing @,” or G,°L,” in terms of a differential operation upon V,, is true for the
altered meanings of H,” and G,°, for the change merely amounts to the removal of a
constant from the two sides of an equation. In like manner the various forms of
expansion investigated in §§10 and 15 are clearly unaffected by the change. (2)
Since, by § 15, G,7 is determined from H,” by an operator f(D?) where D? may be
written (a® — ¢?) ai% + (b* — &) (%2, in which the differences of the squares of the
semi-axes only appear, and since 1,7 and V, are both independent of any particular
confocal, it is clear that we may select that confocal of the system which is the most
readily dealt with. This will obviously be the confocal ellipse to which we will
suppose the ellipsoid contracted, retaining in its contraction, however, the same law
of internal density. When this is done the result may be stated thus:—

B [ (s ariy
@t —c V=) =P+ —9F+ P
= m/{(0? = ) (0° = )}V, (wye),
V, retaining the same meaning as before.
If the ellipsoid be a prolate spheroid it ultimately contracts to the line joining the
two foci, the length of which is 2,/(¢* — ¢*) or 2y. We shall then have, by an easy
integration,
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2\ 2
g -y
== v du.
Velowd) =0 ) vErvee=a®

38. Confining attention, as before, to the case of the prolate spheroid, we shall
enter the expression for V, just found in the relation of § 20, viz.,

. _ (=1, (0 9 09
Gn In (ma Y, Z) —  9nyl H” <8,1;, ay, 8;) -V”.

The form of H,” to be used is ii. in § 84, and it will be observed that, in making the
substitutions for «, v, # in differential operators, £&” -+ 7° must be replaced by

o° o°
> (Gt o)
Hence
R , @ (o O\o e
GrL7=(—1) 22 ()3 <8§ + 51}) oz V.
Y (1 S
. e )1 @) o 1O .
- (_ 1) * m(f +7) )'Y 825_7{9624-?/2-!—(Z—u)g}d-‘-llz.

Enter on the left-hand side of this result, viz., in &,°L,°, the first form of G,” given
in §85; cut out € + 7°; and then put z, y = 0.
‘We then obtain

%ﬁ:—‘w N=0C ., T i [ nt+o (2%)!(20')! 1 dn=o 1y (ryfz_.uﬁ)n
Y Xn <'}’> In ——( 1) ! d

@m) ol 2t (plP ol gt dz J_, (e — w)Potl T

If we write herein w = yv and put z = py, then the limits of the integral I,” will
be o and €, where y* 4+ € = 2* and we shall bave

-1 (F‘ — /v)n+a-+l dv'

e w1 (L —w
Xn (F’) In - 23”'*""(’}'01)4 ,y2ﬂ+1_(

‘When o0 = 0

Pn(M)I — {(2%)1}2 1 ‘(1 (1"—'”2)“ d

= V.
98n (n!)fi r),27;4-1 -1 (/"' — ’U)”'H

39. The symbol I,” was originally introduced as an abbreviation for

» a0
L(& —0) .. J{@+ O+ 0@+ 0}
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In the case of prolate spheroids, in which a = b, the unequal values of 0 are given

by

a _ Oy L, _(—o—o—1) _
a P, (1) {l”' - 2 (20 — 1) I i } =0,

in which (¢®* — a®) p* = ¢* + 0.

If n — o be even, there will be 4 (n — o) unequal values of § and either } o values
= — a? or (o0 — 1) along with a factor « or y in the harmonic.

If n — o be odd, there will be & (n — o — 1) unequal values of & with a factor 2
and either 4 o values = — a?, or & (o — 1) with a factor @ or . All cases, however,

are included in
® d8

Le= L @+ a®) (0 — 0. ..(0 + a)/(6 + ) ’

where 6, . . . are the unequal values of 6, and, therefore,

2l (n — o)l q”

2 [y
(0—0)Y.. B = {_w@‘?f VVVVVV s P%()\)} 2

In this expression ¢® 4+ 6 = \%?, and thevefore a® 4 8 = (\* — 1)y% Hence, recol-
lecting that ¢® 4 € = 2% = p%?®, we obtain for I,” the value

_emr (%2 &
{2"7@! " — 0>1} 'YWHSM OF — )+ %%\ P, (7\)}2

or

{w CRURE 2 J'” dn
Qntopl ny} ,yn+1 M (7\‘2 — 1)¢r+1{xn¢ (7\,)}2 .

Substituting this value in the expressions found in § 88, we find

oy [ A o A=
X7 (i) L O — 1ot s (W} 2u-o+l -‘:—1 (b — wytotl dv
and
® dn L (Lo
P, (f“) L W =D {P, ()1 2ntl -“-—-1 (b — vyl dv.

40. These results, for spherical harmonics of the second kind, are probably in the
simplest forms for determining the expansions in powers of 1/u.  To determine, how-
ever, the expression in finite terms, take for simplicity the case of the zonal harmonic,
and write p — v = £; then

(= 1y = {(p— & =1

— (#2 — l)n _+_ . + g;l)’ d]

rl du (Mg-— l)ﬂ' &t
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Dividing by &"*+! we see that the part of the integral which produces the logarithm is

1 wrldg
T 2 ”
20ty ! dy, (V‘ ) . L&—l £

or,

}—.A!\._-L

P, () 10%

The other terms may be grouped in pairs, viz. :—

(= 1y~ G = [ dg o (= e G (2 — 1y e,

Hence, by Ropricurs’ theorem (FERRERS, IL, § 8) the resulting integration of the
pair is

| wrs P50 [ D = =1t @ = D[ 1 = (= 1]
R = }

41. The last grouping, and the forms of the expressions before integration suggest,
in the general case, the substitution

p—v=/(p*—1)e

so that
dof(u — v) = dn,
and
= V/(p? = 1) cosh n},
while, for
v=41, e*?'= ,\/<l%%>, say e*™:
Hence, ;

1 j1'<1~ww "

on—e+1 ] L (o — oy totl

which we may denote by T,”
G — Ty f = /(8 = 1) cosh g3 emrdy
@_T);/;- f fu — o/ (n* — 1) cosh n}” cosh o dy .

This integral is given in Hrine’s ‘ Kugelfunctionen’ (vol. 1, p. 224), and can
be readily transformed into others by HriNw's methods, founded on Jacosr's trans-
formations for harmonics of the first kind. Thus, if cosh » = z, then

1 v
1 3.,.(20-—1)033(
MDOCCXCL, —.A, 2 M

3
cosh oy == -

22— 1) tsinhy.
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Transforming then the above integral from % to z, we obtain

20— ]_ 1 ‘ do
Sy — 2 2 e (2 -3
(W*—1)y”1.3...(2¢—1) L L 4\/0}‘ 1)) (Zz(é 1) dz,

where 2z, = p/y/(p* — 1).
Performing o integrations by parts we obtain

n! Q0

(n—0o)l.3...(2c—1) ng.“ — 2./ (b — 1)}n—u(z2 — 1y ~ide

Now write
1
., 9\ — ,
b =) = e T e g

observing that

do — sin AL d¢ and 2 — | = sin® h¢ )
T {p+v/ (@ —1)cosh £} . T {p 4+ /(@ —1)cosh &}?
The integral T,” then becomes
n! 20 r’ sin®* ¢ d¢
(n—o)1.3...20 —1Jo{p++/(u*—1)coshg}rrort
_nl 2 r (# =1z
T =)l 1.3... Qo—1) I (pt /(@ ~ Daprrerl
D da‘ R _
ntn! 90 (w 1)_0/2g gé(z‘——l)" ¥ odz

Tt m—o)l.3... 2 — 1) T 1 g b/ (i — 1) 2

ninl . ol coshaol . d&
= Vi [2 (V‘g "" l) /d[ 2 _ 1 L+l
(n+ o)l (n —o)! Jo{p -+ (w ) cosh £}

(See Hurne's ¢ Kugelfunctionen,” vol. 1, p. 223).
The zonal harmonic of the second kind takes the comparatively simple form

(GRS S
o tm+ /(@ — 1) cosh g3+t

42. Combining the expression for x,7 (u) L7 given in § 38 with the result of the

preceding article, we have

(02 — 1) a/zxyo(u)]'@:» (2n)! (2n) 1 g2t r’ c(ishaé‘clg’ -
# * mTT g ini(n 4 o)l (n—a)l ) {w+ /(W — 1)cosh &}

where py = /(y* -+ €).
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Now ¢, = G,7 L7, and this by §§ 35 and 86 will be found equal to

Y- 2cos o OB (1 ) () (8 = 17 X" () T,

N 9=n+1(2n)1 e . » cosh o d¢
(by § 41) = (n+ o)l (n— 0')!2 cos o (1 = ) 1) J’0 V(& + € + +/ecosh g+t

=B .2cos 0. f,7 (V) F,7 (€), suppose,

where

Bn —_( ) 2—n= o+l (2%)'

nlnl
77 (V) is defined in § 36 ; and

s (7 cosh of d& .
Fir(e) = L W@ + ¢ + y/ecosh g7

Harmonics of Oblate Spheroids.

43. Internal Harmonics.—If we put a® — ¢®* = o? and in place of the harmonic
functions x,” (\), P, (\) we substitute two others ,x.” (\) and P, (\) the same as
the former, except that the sign of A? is everywhere changed unless in the single
factor N should the degree be odd, then the internal harmonics of oblate spheroids are
precisely of the same forms as those given in § 35, i. and ii., provided we substitute
o for vy, 1x. for x,°, and P, for P,.

In § 386 the internal harmonic for a prolate spheroid was expressed in terms of
spheroidal coordinates. That article would require to be recast for the oblate
spheroid.  Without, however, entering upon the details, I shall merely state the
result, viz. i—

G = a,7. 2 cos o f(€) /1 (v),
where
{n + o)l (n — o)t}?
2n)intnl 7

O(.f =j02n—a
fl9=r [4v(@ + 9 = V(@ + ¢ cos 6} cos o018,

Ji(v) = %‘: V(= —=v)— /(= a®*—v) cosf}* cos o db.

44. Eaxternal Harmonics.—-1f e*u* = € we shall have

V.

” e (2nl) 2n)r 1 r (1 =)
lxﬂ (H) L? - 93nto (”g)fk adntl -1 (,u—jv)”*”l

2 M 2
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I have deduced this expression from applying the operator

(=1 @l <a" 8") 0'e
0 T on) o

2'nl 2nl n!
to the expression for V, given in § 17, viz., in this case :(—-
Q

J’w 1 & En \» dh
. Ad N (@ NN

and equating the result to the expression for G,°I°, then cutting out & - % and
making x, y = 0.

It may be observed that the formula of this article might also with great ease be
deduced from the expression for V, noticed in § 21, viz.:—

1 o : _ ) 1
Vn == [0(1 - 02) (601) + e GD) \/(gcﬁz 4 yz + zfl) da 2
or,
! 2\n 6D 1 CZH
=00 o
. 1 (1 — 02)71 )
- L VAP A+ P+ (2 jal)) a0

As, however, this was only established in cases where #* + 3* + 2* > a?, the above
result would not necessarily have been true for points where this condition was not
fulfilled.

45. It will be sufficient to state the result of applying the method of this paper to
the following expression for V,, viz. :—

V,= e ” <1 - l)b_2>n—% VA= w)gc—zijjc(lg— Y +

T T+ o

R? being put for f? 4 ¢2
‘We thus obtain

(1= Rar
z 1 2n)! 1 drte < - “§> v
xﬂo‘ <;> Iﬁa‘ — ( — 1)n+o— T ( ) 5 o

2re-lalnl(n + o)l @02 dz ), T F 1)

or, by putting R = a sin 0, z = ap,

1 @n! 1 1 r J’” cos™ 0 sin @ dO d-

X" (IJ“) I’ = Gt o—1 Tl g2l o oo (1 + j sin 0 cos )y otl :

The formule of this and the preceding article include, as particular cases,
expressions for P, (u) L.
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46. The value found for x,” (x) I,” in § 44 leads by the same process as in §39 to

dv.

dn 1 1 (1 — v~)”
1= )| e r = aea | G
ar 1 1=y
1Pa (F’)J N+ 1) {[[Pu0} 201 ‘(”1 (o — joyr*1

47. The function ,T,” may be expressed as an integral analogous to that in § 41,
viz. :—
nin! _ cosh ¢€ d¢
of2
e TR i Ry e

(Hemve's « Kugelfunctionen,” vol. 2, p. 129).
48. The external harmonic may also be expressed in terms of spheroidal coordinates
in the form

G, = B 2 cos o F(e) £, (v),

9—n—o+1(In\t
Bﬂd=j___ (H)

where

nin! ’

/i (v) is defined in § 43, and

cosh af
F(9 = .{ {/e + /(@ + ¢) cosh ¢} +1

Ezpressions for the Reciprocal of the Distance between Two Points.

49. The meanings of I’ and G,” having been changed, the expansion of the
reciprocal of the distance between an outside point fgh and an inside xyz requires

re-statement.
Referring to § 34, series i. and ii., and to the remark made in § 38, we have

a 0 0 - __‘«({)n)f (n_{_o-) a"’)'\n T . e
m (2 2 2)Be s = f S (g + o) o €0

(@) (nFa)l(n—o).
T 2mlnl 2071y | ’

therefore, by § 9
H o oYds = 47.{n+a)l(n~a)1_
f (L") S=on 41 2%-lalnl

The required expansion is therefore

LT, (£ g ) + ... + 2% (20 +1) (ﬂ/+;;§q(7;i__a)!(}”"(x,y,z) G (0. h) + - .
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in which may be entered any of the foregoing forms investigated for inside and
outside harmonics.

By §§ 86 and 42, for example, this expansion in the case of the prolate spheroid for
ev, ¢, and an inner point eu,¢p, may be thrown into the form :—

Fole) + ...
4 (2n 4 1)t

o) (n — o)!

nln!

2 cos o (P — b)) 17 (v)) [u7 (vy) o7 (&) Fa (€1) +

Cylindrical Harmonics,

50. The harmonics pertaining to an elliptic cylinder may be derived from those of
the ellipsoid. I shall, however, confine myself to the case of the circular cylinder,
which is a limiting form of the prolate spheroid.

Referring to § 36 and observing that when n becomes infinite (n ++ o ) ! (n — o)! 1 n! !
is ultimately a ratio of equality, and that 2**n!n!/(2n)! is ultimately ,/(wn),
if we make ¢ = 0, ¢ =y = o, put e = p%, y* -+ v' == 2* and assume n =y\, we shall
have

1 .
Fo(@ =y 5 | e eon 00 dl = 5 T, (jp)
0
F.o(e) =yt [ e~ cosh ol df = y=*~1 K, (j\p).
0

In regard to f'(v') let us suppose n and o both even or both odd, then comparing
this integral with the expressions ii. and iv. in § 24, and inverting the series ii. we
may put '

e m—a)(n+o+1)2 B—0)n—c—=2)n+oc+1)(n+o+3)
Jo (”)—A{l_ 1.2 o 1.2.3.4 &1&0‘}
where

A = (—-j)”1 r cos" & cos o6 dO,
0

w

the limit of which when # is infinite is /(2/nar),
The function f'(v') in this case therefore reduces to

9
N
L —— COS AZ.
L4 VW71 '

In like manner, if n — o be odd, we should find

2

-

—sin Az
mhn

Jé
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Substituting these various expressions in the formula of §49 we find for the
general term

8 ‘ . .
oy SR T (¢ — by) cos M2y cos Moy K (hpy) I (7hp5)
or, since the origin is arbitrary,
4 . .
7y 2 cos o (hy — ¢y) cos X (7 =~ 2,) Ko (yNpy) o (j\py)-

Since 7 = y\, if we suppose n 4 1 =y (A + 0y) we shall have 4 1/y = 0O\, and
the reciprocal of the distance between the two points is

o]

4 . . »
S 22080 (= ) | cos\ (e — 2) K (Apy) T (jhps) .

0

When o = 0, the term must be divided by 2.

Paraboloidal Harmonics.

51. Any given harmonic of the circular cylinder, considered as a limiting case of a
harmonic of the prolate spheroid, is such that, of the characteristics 6 in § 8 pertaining
to it, some are infinite and others finite. For the infinite values the quantity y* 4+ 6
may be infinite or finite, but there will be an infinite number of each variety, and the
total number of @'s is, as we have seen, of the same order of infinity as y.

The characteristics which pertain to any given paraboloidal harmonic are in like
manner partly finite and partly infinite, there being an infinite number of each, but
the order of infinity of the total number is of the same order as /7.

By moving the origin of coordinates from the centre to the lower focus of the
prolate spheroid, the axis of which is supposed to be vertical, and putting e = 2y¢,
v = — 2yv/, then making y infinite, we find for the equation of any paraboloid of the
system

4 oy = de (¢ + 2),
24yt = 4 (Vv —2)

and for the orthogonals

The forms of the harmonics may be readily deduced from the expressions for G,
and @,” contained in §§ 36 and 42. Thus, when vy is large, we may put

f(e) = f(2ye) = 'y"%r<l — /\/?5 co8 9>HCOS af db,

0

or, if we write herein k¥y = 2% the expression ultimately becomes

y,,l jﬂc—x\/e’COSQ cos o df = 'y” JU (]'KMEI)e

mJo
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Similarly
S () =y J, (x/V),

0

Fe) =y ! J’ e Ve aosh o L,
0
=y T K, (Jra /).
The expansion for the reciprocal of the distance becomes

24008 o (o — o)y T (/) I /o) K. (/) T, (/1)

When o = 0, this term must be divided by 2.
Since %y = 2n% we may put (k -+ 8«)’y = 2 (1 + 1)?, and, therefore, njy = L « dx.
Hence the required reciprocal is

320080 (= ) [ T, (en/e) T (/) K, (e /) T, (/o)

the term, in which o = 0, being divided by 2.

and

Llectrical Capacities.

52. The electrical capacity of a conductor in the form of the surface obtained by
inverting a prolate spheroid, with regard to one of its foci, is readily shown to be

R3 il ety ¢ '}’\ ¢+ oy Gery
: {10g6‘~'v+3<logc—vhzc)+5<]()g?*v— >+&C'}'

2.-)/ 3(}2 — ,yfz

This series is ultimately convergent, but when vy is nearly equal to ¢ it is inappro-
priate. When ¢ =y we come to paraboloids, and it may be shown from the expres-
sion obtained in the preceding article that the capacity of a cardioide of revolution
r=2a (1 — cos 0) is
o [T Ky Gk n/a)
da? j A e dk,
o o (/)"

GREEN has worked out completely the case of a body freely charged, somewhat
resembling the cardioide of revolution, but with a conical hollow whose vertex is not
a cusp, and 1t will be found that the capacity is very nearly the same as that of a
sphere of equal volume. I see no way, however, of evaluating the above integral so
as to make a similar comparison, either as regards volume or surface.

The capacity of an anchor-ring without an aperture, the radius of whose axis is a,
may be found from GREEN’S Function by means of the series in § 50, viz., it is

ba? [ T K, ()
a Yy Iy (Gre)
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Eaxpression of any Ellipsoidal Harmonic wn terms of the Conjugate System.

53. Let w = 1/r, where ® = (x — f)P* + (y — ¢9)*+ (z — h)> and let
v="V,(x—p, y — q,z2— ) be a potential arising from an ellipsoid with its centre
at p, ¢, » and its axes parallel to the coordinate axes. We are to consider the

invariant operator
o 0? 02\
CR R

upon uv ; or, if we take the suffix 1 to be put to differential operators upon v only,
and the suffix 2 to those on v only, the operation in question is

21! _a_ i _a_. __a_ ..@.. é.)n uY
Ony Oy — Oyy Oyy = Oz Oz ’

Now this may be represented by a series of terms of the form

AT < 0 0 0 > Ho ( 0 0 ) ) o

Ty A T AT Ty =y
or, Oy, 0 Ony  Oyy O
where

o o0 ¢
W, Y [oJ— o[ . o ~
2*n! A’ = H, <ax, 5’ 8z> He(z, y, 2).

If we suppose x, 7, z put equal to zero after the operations are performed, this result
is clearly the same as

e (L, 0 Ny (2, 0, 2\ Valpar)
A Hy (E)f Ty’ 8/L> H, <5}3 "9’ 87"> VIt + P+ 0P

= A7 (2n)! ﬁ%{%‘i_@ G (p, ¢, 7), §§7 and 20,
where d* = f? 4+ ¢* + 1

Now let the axes of coordinates be transformed in such a way that the new axis of
z is in the direction of the radius vector to fyh; the above operator, which is an
invariant, can then be thrown into the form

@l o o

n! n! 0z 0Oz,

SR o .0 N A A av><a a>n—v

0 F ! (w— o)t \OF, om, T 08, om,) \Ox, o,

The new coordinates of fyh are 0, 0, d; let those of p, ¢, » be p’, ¢, 7', and let the
transformed values of %, v be «/, v. We may omit all but the first term of the
operator, inasmuch as the others give vanishing values, and the result is

MDCCCXCI.—A. 2 N
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@m! /o o\ ,,
e PRl B VEY
n! n! \0z Oz
_ (1 entoy
oAt wl \Oz/)

or, returnine to the old axes
2 D H

Ceml 1 [0y
(=1 g <57L> Vi@ —p, y—q 2 =),
where ) ) )
O _ /S0 ,90 01
o d ayc+(l ay+(l 0z

We have, finally, putting «, ¥, 2 = 0,

(fg_)}_) + g a% + h §’>ﬂ Vn (p: (1, '7") = 2" ¢! n' 2 Hg (‘f: g’ h) a@f (}7, 7 7’)
) H.” <% ) z)“l/‘ 3 5‘2) H,” (JU, Y, Z)

By equating the coefficients of the various powers and products of f, g, & we may
obtain any assigned differential coefficient of V,.

Addition Theorems for Spherical Harmonics of the Second Kind and for BESSEL'S
Functrons.

54. The method of the preceding article may be used for establishing addition
theorems for harmonics of' the second kind, but before applying it for this purpose it
will be convenient to make a few preliminary observations for the purpose of bringing
those harmonics under a similar system of definitions as those for harmonics of the
first kind. T begin with a geometrical interpretation of

"“’ du -
Yo+ 4/p = Leoshu’

where p lies between 1 and — 1.

Let P be any point whose projection on the axis of z is N, so that ON = ¢,
PN = p, OP = », cos NOP = p; then the potential at P due to a uniform distri-
bution of matter on ON is

: at R T I
o =g = L leg T
IO \/(z — &)+ P 2 3,,, g 108

In like manmer, if we draw PM at right angles to OP to meet the axis of z in M,
we shall find
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Q _ r’ ¢ _1
7 &/ (==Y +p 7

_ lj’w wdu
T P4+ (1 — #) cosh? u

Y N SN Y S
~ % Jop +jveoshu T 2 Jopu —jvcoshu

, where v = p tanh »

Also

1 j' _— N 3 J'w_J.__
0/L+jVCOSh’lL 2r op,-—-jvcoshu’

| therefore

Qu—jbmly _ 1 f du
oM +Jvcoshu

r

We shall write R, for Q, — j L 7P, so that

Ry _ I v

»

02 +jpcoshu

Following now the corresponding definitions for harmonics of the first kind, we

may write

2 r

<

oN* = (07 | 7\ Q,
n! an = (— 1)” 7'“-,-] <-a;) <af + a’?)

oN\r—o /07 07"\ Q
1 — (e 1 \pgnt+1 R 1
mQe= i) (=)

It is obvious that similar definitions also apply to the R-functions.

!l Q, = (— 1)"9"”1(88)” %

In carrying out the differential operations indicated we may observe that, where
the function to be operated upon does not contain the longitudinal angle ¢, the

following results will be useful, viz.,

aa -a%(a 9‘_—11> (a 7= 2> . e
T og= op p /\% P

= e~ f, <§0> suppose,

<i _ 1) 9
d p/op

and
0" ‘ 0
T e o .
2= f"<ap>
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We then have, readily,
Po=472"".2cos o . p.~°
Ryo=j2"7".2cos0¢.r/s,
where

1 " ™ cos o8 [ * cosh ou du

Pe=21, (w + jvcos )=+ df =, (1 + jv cosh uyr+1

When o = 0, these general results must be divided by 2. There are also corre-
sponding functions with sin o¢ substituted for cos o¢.

55. [March 4,1891.—The expressions contained in § 54 may also be readily obtained
if we notice that Ry/» is equal to the integral

1 du
2

o0
9 . . 5
{ —w # + jreoshw + ysinh w

or,

1 r dus
2 w2+ %j (Ee—u + ,,7(37:)

Let us find the result, in a series, of the operation denoted by

"R,

-/, 0 0 0
SV a g ) ()

One method is given in § 53, but inasmuch as the expression (A) is a spherical
harmonic in f; g, h we may at once put it equal to

(0 0 AR
SAHS (S g h’) H, <8;:J7 8&’ éT°> r’

and determine A, as in §§ 10, 49. The result is

(— 1y 0477 Ry

o n!n! I o 8"> % ]
3 90 (4 o)l (n— o)t He(f9,0) n! <8§ + on) oz

If now dyp,p, and dype, be the polar coordinates of fyh and xyz respecti.vebr, tl}e
series first found, when the expressions in the preceding article are entered in it, will

become

dln

At

1l
{P”Ru 4+ ...+ (7—{;‘ aﬁ'/;'/)(:b:_o'j‘ ]9,5"7'%” 2 cos o (qbl — (]52) + .. }
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But the operation (A) also gives

a* r (f + jcoshu f + sinhu g)*
d 12 ), (2 4 jeoshuw + sinhwy)r*!

Hence

du

, 1 J‘w {py + jvy cosh (w + jb)}*
- {ﬂz + ng cosh (u + j¢2)}1z+1
= Pn(#l)Rn (V“l)+ . .+(—- )

nfnl
(n+cr) (n a’)Y

- 07 (1) 77 () 2 cos o () — ¢by) +.

We may denote the left-hand side of this identity by R, and put &, = &, — JEmP,..
Then, since
n! 7b

Lu= P, () Pulpo) ... +(—1) “(n +W__U)72 (1) pi7 (o) 2 cos @ (b =)+ ...

‘We must also have

n!ln!

0= Py () Qulp) o (= 1) s e 2 (1) 06 () 208 0 (=) + -

56. The symbol O, has been used to denote the real part of the result of the
differential operation

(_:1)“ /}n71+1 a " jw R (g’tbv N
! on) loz +]p coshu

To make it clear what this coefficient is and how related to the corresponding
function P, it may be noticed that the former, as found in § 53, is at once recognisable
as the coefficient of d,"/d,**! in the expansion of

[ du
3 .( —w g (g + Jvy cosh ) — dl(;ul + jvy cosh w) ’
or, of
1 {10 g+ oty = thpey
g g = oty + dypy
where ’

rt = (e =)+ —gP+ =)

If we strike out the second term within the brackets we obtain the generating

function of O.,.
The expansion in the preceding article has been proved in the case when p, is not
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greater than 1, that case admitting of a geometrical interpretation, but a similar
relation, from its character, must also hold when p, is greater than 1.

Reduction to Brssul's Functions.

57. If we make n infinite and write nv, = N, and nv, = \,, where \;, A, are finite,
the left-hand side of the integral in § 55, expressing Q,, will become

0
%2_ f ej)\l cosh (u -+ jy) — jAy cosh (v + jiby) du’
- 0

@0
I e JA cosh (& + j®) du,
-

O—

@
p— % j @jA cosh du,
-0

where

A cos @ = N cos ¢, — A, COS ¢y,

Asin @ = ), sin ¢p; — A, sin ¢,

and, therefore, '
A= N2 A4 NP — 20\, cos () — dby).

Following HEINE, to whose work I am indebted for the integrals expressing R, in
§§ 54 and 55, 1 shall denote the external Bmssur’s function by K, that is to say, the
limiting form of Q in the same way as J is used as the limiting form of P. The above
integral is therefore equal to Ky (A) —j 47 d,(A). The series in §55 then readily
give
Jo(A)=Jo(M) o) + o 4+ 2. (\) I (M) cos o (b — o) +
Ko(a)=Jo(A) Ko () + .+ 2, (\) K, () cos o (by — bg) + - ..
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